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Abst rac t - - - In  this paper, we present he idea of nonclassical similarity transformation, which 
takes into account he effect of the parameter A on the boundary layer thickness, where A is the ratio 
of wall velocity to the free stream velocity. The transformation is applied to the fluid flow over a 
moving flat plate (Blasius profiles). 
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1. INTRODUCTION 
Klemp and Acrivos [1] have derived the following similarity differential equation for the flow of 
an incompressible fluid over a moving fiat plate: 
:(,7):"(,7) + f'"(,7) = o, (1) 
subject to the nonhomogeneous boundary conditions 
~7 = 0, f = 0, f '  = -A, v} = c~, f '  : 1, (2) 
where f is the nondimensional stream function defined by f = (~/Uvr~-~ux), and ~ is the 
dimensional stream function, Uoo is the fluid velocity, u is the fluid kinematic viscosity, 77 = 
yx/(Uoo/L,x), and A is equal to the ratio of free stream velocity to boundary velocity. 
When A -- 0, the problem is reduced to the well-known problem of Blasius, Weyl [2] establish- 
ing the existence and uniqueness of solutions using functional analytical methods. For A _< 0, 
Callegari and Friedman [3] and Callegari and Nachman [4] proved the existence, uniqueness, and 
analyticity of the solution using analytical function theory approach. They work with the Crocco 
variable formulation of the problem. For the case A > 0, Hussaini and Lakin [5] proved that a 
solution exists only for A, less than a critical value Ac. The numerical value of Ac was found to 
be 0.3541 . . . .  Also, their numerical results showed nonuniqueness of solutions for 0 < A < Ac. 
Hussaini et al. [6], worked again with the Crocco variable formulation of the problem, proved the 
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nonuniqueness and analyticity of solutions for A < Ac, and derived an upper bound of the critical 
value of A which was found to be 0.46824 . . . .  
In the present work, a different formulation of the problem is given that takes into account he 
effect of the parameter A on the boundary layer thickness, which results in a modified differential 
equation. This will be accomplished in the second section. In Section 3, the effect of the new 
formulation on the boundary layer thickness is discussed. 
2. MATHEMATICAL  FORMULATION 
The flow of an incompressible fluid over a semi-infinite flat plate is described by the dimensional 
Navier-Stokes equations 
Ou Ou 02u 
u~x x + V~yy = V~yy 2, (3 / 
Ou Ov 
O--x + ~yy = O, (4) 
subject to the boundary conditions 
u(x,  o) = -~u~,  v(x ,  o) = o, y -~ ~,  u -~ uo~, (5) 
where u is the component of the velocity in the direction of the fluid flow, v is the velocity in the 
direction normal to u, and A is equal to the ratio of free stream velocity to the wall velocity. 
To make the equations dimensionless, we follow the procedures of Schlichting [7]. Note at first, 
that the boundary layer thickness 6 is proportional to v~,  where t denotes the time consumed 
by a particle traveling a distance x from the leading edge of the plate. For a particle outside 
the boundary layer, t = (x/Uoo[1 + A[). We now introduce the new dimensionless coordinate 
~ (y/6) so that 
r/= y111 +2uxAI Uoo (6) 
/ 
The equation of continuity (4) can be integrated by introducing a stream function k~(x, y) given 
by 
• (x, y )= (7) 
where f(~) denotes the dimensionless tream function. Thus, when A ~ -1,  the velocity compo- 
nents become 
O~ 
u = o-~ = u~f ' ( , ) ,  (s) 
f 
0~ t /  U~u (~f ' -  f ) .  (9) 
v-  Ox = V 2[ l+A[x  
Writing down the further terms of equation (3), then after simplification, the following ordinary 
differential equation will result: 
f f "  + 11 + A[ f ' "  = O, (10) 
with the boundary conditions 
f(O) = O, f'(O) = -A, f ' (cc)  = 1. (11) 
Note that when A = 0, the problem is reduced to the Blasius case. 
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When A = -1 ,  then with the help of the L'Hopital's rule, one can easily verify that 
and 
lim kO(x, y) = U~yf'(O) -= U~y, 
,k----,-1 
Oql 
ul~=_l = lim = Uo~, 
.k--~- 1 ~y  
0~ 
v]~=-I  = lim -0 .  
A---~ -- I C~X 
Thus, the solution obtained for this case agrees with the fact that far from the boundary layer, 
the stream function is given by ~(x,  y) = U~y. 
However, in the neighborhood of A = -1 ,  say for A = -1  + e, where lel << 1, the differential 
equation (10) will be 
~fm+ f f ,  = 0, (12) 
with the boundary conditions 
f(0) = 0, f ' (0) = 1 =t= e, f ' (oc) = 1. (13) 
When ~ --* 0, we get a singular perturbation problem with the distinctive feature that there is 
no associated boundary layer. Indeed, letting ~ = 0, the following differential equation is obtained 
for the outer solution: 
f fu  = 0, 
and the solution f(~/) = ~ satisfies all boundary conditions at 0 and oo. 
Further investigation leads us to the following Ansatz for the inner solution: 
Equation (12) then implies the following equation for h: 
hm(~)+(e~+s2h(~)) h"(~)=0,  (14) 
where ~ = (q/e), with the boundary conditions 
h(0) = 0, h'(0) = 1, h'(cc) = 0. 
Substituting h := ho + ehl + ~2h2 + .. .  and matching, we find that the inner solution is given 
by 
1 ~7 2fi(~) = (1 - ~)z/+ ~ + O (s3), (15) 
and the outer solution is given by 
1 ~2 
f°(77) = 77 - -~ + 0 (E3). (16) 
Figures la  and lb show the solution curves of the nondimensional velocity components u* = 
f/(rl) and v* = vx/(V~v/(2] l  + A]x)) for different values of 6, when the two models, given by 
equation (1) and equation (12) are used. It indicates that the first model over estimates (under 
estimates) u* (v*) for a long range of values of 77. Also, it indicates that using the second model, u* 
and v* converge to their asymptotic values more rapidly. Fhrther investigations of the existence 
and uniqueness of the solution of equation (10) will be the subject of a subsequent paper [8], 
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Figure 1. The velocity components u and v, for e = 0.05 and e = 0.01. 
where it is also shown that a sharper upper bound on the critical value Ac, presented in [6] could 
be estimated. 
3. EFFECT OF A ON THE BOUNDARY LAYER THICKNESS di 
In [7], the boundary layer thickness is defined as that distance y above the plate for which 
u ~ Uc~, and it is proportional to ~/(vx/(1 + A)Uoo). Accordingly, the boundary layer thickness 
is given by the formula 
i ~z (17) = ~ (1 + A) Uoo' 
where ~ is the value that makes f'(rl) = 0.99. For A = 0 (the Blasius problem), ~ ~ 5.0. For our 
calculations, we will compute the value of 6 at a fixed distance x from the leading edge of the 
plate so that the variation of the boundary layer thickness with the parameter ), is estimated by 
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the variat ion of ~ with A. Figure 2 is a plot of 5* = ~ = 5~/((1 + A)U~/vx)  vis. A. It draws a 
comparison between the results of Klemp and Acrivos and the present results. The two curves 
meet when A = 0. The results for -1  _< A < 0 indicate that  the boundary layer thickness is less 
when the present model is used, and it is larger for 0 < A < Ac. This figure also indicates that 
the boundary  layer thickness 5 increases exponential ly as A -~ Ac, which gives, from the physical 
point of view, a partial explanation for the nonexistence of solutions beyond this value. 
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Figure 2. The effect of the parameter A on the boundary layer thickness. The dotted 
line is the old model while the continuous line is the new model. 
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